Preprint typeset in JHEP style - PAPER VERSION 



UG-07-02 
KUL-TF-07/08 



Pseudo-supersymmetry and a Tale of Alternate 
Realities 



E.A. Bergshoeff\ J. Hartong\ A. Ploegh\ J. Rosseel^ and D. Van den Bleeken^ 

^ Centre for Theoretical Physics, University of Groningen, Nijenborgh 4, 

974 7 AG Groningen, The Netherlands 

e . a.bergshoef f , j.hartong, a.r.ploegh@rug.nl 

Instituut voor Theoretische Fysica, KU Leuven, 
Celestijnenlaan 200D, B-3001 Leuven, Belgium 
j an . rosseel , dieter . vandenbleekenOf ys . kuleuven . be 



Abstract: We discuss how all variant lOd and lid maximal supergravities, including 
star supergravities and supergravities in different signatures, can be obtained as different 
real slices of three complex actions. As an application we study the recently introduced 
domain- wall/cosmology correspondence in this approach. We give an example in 9d and 
lOd where the domain-wall and corresponding cosmology can be viewed as different real 
slices of the same complex solution. We argue how in this case the pseudo-supersymmetry 
of the cosmological solutions can be understood as the invariance under supersymmetry of 
a variant supergravity. 
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1. Introduction 

In this paper, we will present a complex formulation of 10- and 11 dimensional supergravity 
theories. One of the reasons to do this stems from the so-called 'variant supergravities' in 
10 and 11 dimensions, whose existence has been discussed first in [1, 2, 3]. It was argued 
that upon applying T-dualities along time-like directions new supergravities are found. In 
particular, time-like T-duality on the usual type IIA theory does not lead to the usual type 
IIB theory, but instead leads to a different theory, called the type IIB* theory. Similarly, 
the type IIA* theory is found as the time-like T-dual of the usual type IIB supergravity. 
Note that both type II and type II* theories share the same space-time signature (1,9). A 
crucial difference between type II and type II* is that in the *-theories the RR-forms are 
ghosts, i.e. they have wrong-sign kinetic terms. Upon applying more general dualities, one 
is also led to type II supergravities in different signatures. Similarly, it was argued that one 
should also consider eleven-dimensional supergravity in different signatures. For instance, 
it was shown that the type IIA* theory could be obtained by dimensional reduction over a 
time-like direction of lid supergravity in signature (2,9). 

In the first part of this paper we derive the explicit actions and supersymmetry varia- 
tions of these variant supergravities. For earlier work on the construction of these theories 
in the IIA and M-theory case, see [4, 5]. We will adopt a different approach for constructing 
the actions and furthermore include the IIB case. The strategy we will follow in obtaining 
actions and supersymmetry transformation rules for these supergravities, is based on the 
observations made in [6]. There, it was shown that the superalgebras underlying these 
variant supergravities correspond to different parameterizations of the unique real form 
of the supcralgcbra OSp(ll32). Our work can be viewed as a continuation of [6], where 
now we construct the complex field theory corresponding to the complex algebra presented 
there. More precisely, starting from the complex algebra, one can impose different reality 
conditions on the generators. Each choice of reality conditions gives a real superalgebra 
underlying one of the variant supergravities in a specific signature. Similarly we will start 
from a single complex action and by imposing different reality conditions obtain the differ- 
ent variant supergravities. 

Another motivation to study such a complex formulation of supergravity is the domain- 
wall/cosmology correspondence as introduced in [7, 8, 9]. This correspondence was intro- 
duced in the context of so-called fake supergravity [10] , where one studies systems of gravity 
coupled to scalar fields c/)^. The Lagrangian generically takes the following form: 



where G^s(0) is a metric on the target space spanned by the scalar fields (p^, V{(l)) is 
a potential for the scalars and (3 represents a sign that can be either +1 or —1. The 
domain- wall/cosmology correspondence is based on the fact that the existence of a domain- 
wall solution of the system (1.1) with /3 = +1 automatically implies the existence of 
a cosmological solution of the system (1.1) with /? = —1. The domain- wall solutions 
generically are 'fake super symmetric' [7, 8, 9]. This implies that one can write the potential 




(1.1) 
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V in terms of a real superpotential W. For the one scalar case this relation schematically 
looks like 

V = 2 {{W'f - W^) , (1.2) 

where W' = Furthermore, the domain- walls allow for the existence of a Killing spinor 
e obeying a Killing spinor equation that can be written in terms of the superpotential W 
as follows: 

{D^-WV^)e = {). (1.3) 

In case the Lagrangian (1.1) can be obtained as a truncation of a supergravity theory the 
equations (1.2,1.3) can be understood as arising from the structure of the underlying su- 
pergravity theory. In particular, the Killing spinor equation could in that case be obtained 
by putting the supersymmetry transformations of the fermions equal to zero. However, 
fake supergravity is much more general and the Lagrangian (1.1) can be completely gen- 
eral and does not need to be related to any supergravity theory. The mapping between 
domain-walls and cosmologies implies that cosmologies also obey a property that looks 
very much like fake supersymmetry. In this case, it turns out that the cosmology obeys 
similar equations (1.2,1.3) as its corresponding domain-wall solution, with the caveat that 
now the superpotential W is no longer real but is instead purely imaginary. Redefining 
W = iW, equations (1.2,1.3) become 

V = -2 (^{W'f - W^^ , (1.4) 
{D^-iWr^)e = 0. (1.5) 

Note the change of sign in (1.4), which indeed corresponds to /9 = —1 in (1.1). The 
structure (1.4,1.5) for cosmological solutions was called 'pseudo-supersymmetry' [7, 8, 9]. 

Prom a supergravity point of view, this correspondence is rather odd. Supersymmet- 
ric domain-wall solutions can be found rather generically in supergravity theories . For 
supersymmetric cosmological solutions this is not true. Furthermore, the correspondence 
involves a sign change in the potential that spoils the supersymmetry of the supergravity 
theory under consideration. Finally, in fake supergravity theories, one is usually not con- 
cerned with the reality properties of the (Killing) spinors and one works with arbitrary 
Dirac spinors. In real supergravity theories, reality conditions on the spinors have to be 
imposed in order to account for the correct number of degrees of freedom. In this respect, 
one no longer has the freedom to take W purely imaginary without upsetting the reality 
properties of the supersymmetry rules. 

A natural question is whether one can give a meaning to pseudo-supersymmetry in a 
real supergravity context. The fact that the corresponding domain- wall and cosmological 
solutions differ in the reality properties of the superpotential suggests that, if one can give 
an embedding of the correspondence in supergravity, one should look for theories in which 
the spinors obey different reality properties. A priori, it is possible that there are two 
different theories in the same signature (namely (1,9)) that mainly differ in the reality 
properties of the spinors. This can then account for a difference in reality properties of 
the superpotential and for the sign flip in the potential. We present an example of this is 
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in the type II and type II* theories in signature (1,9). Starting from a supersymmetric 
domain-wall in type IIA, the corresponding cosmological solution then turns out to be a 
supersymmetric solution of the type IIA* theory. Pseudo-supersymmetry in this context 
corresponds to supersymmetry in a star theory. 

As we will show in two examples, the formalism of complex actions allows for a uniform 
description of certain domain-walls and cosmologies. The domain-wall and its cosmological 
counterpart are different real slices of one single complex solution of the complex super- 
gravity. Imposing reality conditions distinguishes the two backgrounds as solutions of the 
different real theories and the same applies to their supersymmetry properties. 

This paper is structured as follows. In section 2 we show how to construct a complex 
action for the type II theories. Here we explain the method of taking real slices and 
present several examples. In section 3 we apply the results of section 2 to the domain- 
wall/cosmology correspondence. We present our conclusions in section 4. Our conventions 
are summarized in appendix A. Appendix B discusses in detail the reality conditions 
of the different spinors appearing in the main text. We have placed a rather technical 
discussion about reality conditions for the vielbeine in appendix C. Finally, we give a 
separate discussion of complex M-theory in appendix D. 

When preparing this paper we were communicated by Antoine Van Proeyen that re- 
lated work in 4d, using the same techniques of using different reality conditions, is in 
progress [11]. 

2. Type II actions 

In this first section we will show how one can obtain supergravity actions for different 
signatures as different real slices of a single complex action. Sometimes this leads to 
different supergravity theories with the same signature. 

The starting point of our construction will be a complex action that then can be 
reduced to different real actions. In this paper we will not address the question of how one 
can in general construct sensible complex actions or investigate what a general complex 
action invariant under some complexified symmetry group looks like. Instead we will take 
a more pragmatic approach. The idea is to start from a known action in terms of some real 
fields^ that is invariant under some real symmetry group. The first step is to construct a 
complexified version of this action that is invariant under the complexified symmetry group. 
We require that the real action we started from can be obtained from this complexified 
action by imposing certain reality conditions and similarly for the symmetries. At this point 
one faces the natural question: are there different real slices leading to other theories? As it 
will turn out, theories in different signatures are found by taking different reality conditions 
for a single complex action. In the case one has extended supersymmetry it can even happen 
that one finds multiple real theories in one signature. It is these issues that we will work 
out in detail for IIA and IIB supergravity in this section. 

This general scheme of finding different real actions as consistent real slices of a given 
complex action can be applied quite generally. For the interested reader we have added 

^By a real field, we mean a field that satisfies a reality condition, for instance a Majorana fermion. 
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the same analysis for M-theory in appendix D. One would expect the general procedure 
presented below to hold for all kinds of theories in various dimensions although subtleties 
can arise and some particular details might change from case to case. 

2.1 The complex type II action 

To start wc will deal with the first of the two questions posed above. We will show how one 
can find complex actions that can respectively be restricted to the known actions of IIA and 
IIB by reality conditions, and that are furthermore invariant under the complexified super 
Poincare group. How the different formulations of the real lOd super Poincare algebra can 
be found from the unique ten-dimensional complex OSp(l|32) algebra was described in 
detail in [6]. 

In complexifying an action it is crucial that all fields appear holomorphically in the 
complex action. In other words we replace fields that take values in R by fields that 
take values in C in such a way that no complex conjugates appear. If one does the same 
complexification on the symmetry transformations, the complexified action is guaranteed 
to be invariant under these complex transformations as checking the invariance is a pure 
algebraic computation that nowhere assumes reality of the involved parameters^. 

This procedure of 'holomorphic complexification' is rather straightforward and only 
requires some more consideration in case of the spinors. Usually spinors appear in the 
action through bilinears written in terms of the Dirac conjugate = X^^- this form 
there appears a complex conjugation and as such the action is not holomorphic in the 
spinor There is an easy way around this as using the reality condition on the spinors 
the original real action can equivalently be written in terms of the Majorana conjugate 
X = X^C. In this form spinors appear holomorphically and complexification now amounts 
to ignoring the reality condition on the spinors. 

We will now illustrate this general principle in case of the ten-dimensional type II 
theories. For our notations we refer to appendix A. 

As a starting point we will take the actions of type IIA and type IIB as given in [12]. 
These actions have the following field content 

IIA : [g^,, 0, CW , Cj^J^, a} , 

IIB : {5^„S^,,</.,C(°),C(2),C?^p,Vm,a} . (2.1) 

A combined form of the actions is given by (ignoring four fermion terms) 



= J d^°a;e|e-2'^[-i?(a;(e)) -4(5</))^ + 



no 

-2d>'cl)x'tl'' + H ■ x^') + 2V'^r'^^''V.V'p - 2Ar'^V^A + 4Ar^'^V^V'.J (2.2) 

3/2,2 



+ E 

n=0,l/2 



lg(2n) . g,(2n) + ^(2n) . ^(2n)^ ^ 1^(5) . ^(5) + 1^(5) . ^(5) _ ^-1 Ccs} 



^One might think that complexifying the supersymmetries in a maximal supergravity theory leads to a 

supergravity with 64 supercharges. This is however not the case. One should view the complexified action 
as a mathematical tool and not as a new theory describing new physical degrees of freedom. 
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It is understood that the summation in the above action is over integers (n = 0, 1,2) in 
the IIA case and over half-integers (n = 1/2, 3/2) in the IIB case. In the summation range 
we first write the lowest value for the IIA case, before the one for the IIB case. Remember 
furthermore that G^^^ only appears in IIB and satisfies an additional self-duality constraint 
G^^^ = -kG^^^ that does not follow from the field equations. In the IIA case, the massive 
theory contains an additional mass parameter G^^^ = m. The Chern-Simons terms are 
respectively 

/'r.o — --W-WO ( I f) /7(3) ft Mi) D I L^r<{o)r. ^(3) n3 

+ 5T6-G^°''^Mi.....o) (IIA), (2.3) 
^CS = - ^^''^•••'^^°C'a2/.3M4^M5CS,9^s5^9mo (IIB) . (2.4) 

As explained in appendix B, we work both in IIA and IIB with an implicit doublet notation 
for the spinors. The bosonic fields couple to the fermions via the bilinears x^^'^^ ^^id 
which read 

= - 2v;.r'^v^ - 2Ar''r^v.. , 

-ie-^Ar[^,..^,„_,Kr^,„]A. (2.5) 
The supersymmetry rules read (here given modulo cubic fermion terms) 

3/2,2 

n=0,l/2 

+ ^e^i. |S(5)r,P5/26, 

SeC^^^%l.^ = - e-^e-r[^,...^,_, Vn ((2n - 1)V^,„_,] - iP^.^^jA) 
+ (n - l)(2n - 1) <":2„_3 ^ei?,.„_.,.„_,] , 

n=0,l/2 

6e^=^eX. (2.6) 

Note that for the IIB case r*e = e, T^tpn = ip^ and r*A = —A. 

Up till now we have just written down the action of the type IIA/B in (1,9) signature 
in a standard form. We will now interpret the action (2.2) in a different way, as a complex 
action. All fields arc now assumed to be complex, both bosonic and fermionic. For the 
fermions this means that they are arbitrary Dirac spinors, as stated before they only appear 
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holomorphically in the action through their Majorana conjugate x = X^C. The gamma- 
matrices with flat indices remain the standard gamma- matrices of (1,9) Minkowski space. 
As we now allow the vielbein to be complex, the curved gamma-matrices will be part of 
the complexified Clifford algebra, see appendix C for more details. The supersymmetry 
transformations (2.6) are understood to be complex in the same way as the action (2.2). 
The complexified action remains invariant under the complexified supersymmetry trans- 
formations as basic manipulations like symmetry properties of bilinears, gamma-matrix 
algebra and Fierz identities are insensitive to this complexification. In the same way the 
complex action is invariant under the complexified Lorentz-group SO(10,C). 

2.2 Back to reality 

Starting from the complex action and supersymmetry transformations of the previous sec- 
tion we will now explain how one can construct different real actions by taking different 
real slices. In this subsection, we will do a general analysis determining all variant super- 
gravities. The result is summarized in table 1. In the next subsection, we will illustrate 
the method with some specific examples. 

Let us start by explaining what we mean by taking a real slice. A reality condition 
on the fields cannot be chosen at will, but has to satisfy certain consistency conditions. 
First of all, one can only impose a limited number of reality conditions on the fermions. 
As is explained in appendix B this leads to the following general reality conditions on the 
fermionic fields (see (B.17)) 

e* = —erfafCApe , 

= -erfa^CAp^f, , (2.7) 
A* = -sri^axCApX, 

where the represents a phase factor that can differ from field to field. On the bosonic 
fields, a general reality condition is given by^: 

f, a* _ a 

<P* = 4>, 

B;, = asB^^ , (2.8) 

^(2n-l)* _ ^(2n-l) 

where again the a-f actors represent phases. Note that we have already taken the dilaton 
to be real, as this is the only condition consistent with reality of the action. We also 
choose to work with real vielbeine. This amounts to using the flat gamma-matrices that 
are appropriate to a specific signature. The complex action is written in terms of fixed 
flat F-matrices in signature (1,9). In principle one could keep these fixed during the whole 
procedure and allow for purely imaginary vielbein components. Simultaneously redefining 



^To have a uniform notation the reality condition for G^°^ is given in terms of some formal C^'^^ This 
is just a shorthand implying G^*^'* = aoG^°\ 
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the vielbeine and flat gamma-matrices then brings one back to the case where the vielbeine 
are real and the Clifford algebra has the appropriate signature. For a more thorough and 
technical discussion of this point, see appendix C. This reasoning also reveals a subtlety 
concerning the Chern-Simons terms. Supersymmetry of the action (2.2) is established 
thanks to the relation 

This relation is however only valid for the Clifford algebra with signature (1,9). As ex- 
plained above, wc choose to work with the Clifford algebra that has the same signature as 
space-time. For this Clifford algebra, the relation (2.9) is changed to 

rai...a„ = ^jQ^£ai...aio^*+'rnr«io-«"+i . (2.10) 

Effectively, rewriting (2.10) to (2.9) corresponds to replacing £o...9 by 

£o...9 -(-^)*^^eo...9 , 

^0-9 ^ -(i)*+l£0...9_ (2.11) 

When going to a real action of a given signature, one has to replace the £:o...9 iii the complex 
Chern-Simons term via the above rule to assure invariance under supersymmetry. 

The a-factors appearing in the reality conditions on the bosons and the fermions are 
not independent. Demanding a real action and consistency with supersymmetry relates 
them. The latter means that both sides of the supersymmetry rules should have the same 
behaviour under complex conjugation. In this way, the reality conditions on the fermions 
determine those of the bosons. Analyzing this in detail leads to the relations 

= 4 = i-vY-"' , 

ax = {-f+'^Vp''(^p(^ai,, (2.12) 
an = p'^a^'^^aaa^+^pas , 

a„ = (-)(2"+i)*(-^)(2n+i)pVP„a*+V^n V. 

The possible solutions of these equations lead to consistent reality conditions on all fields. 
They are summarized in table 1. Every possible reality condition corresponds to a unique 
real supergravity theory that has (2.2) as complexified action. 

Given the data in table 1, the actions and supersymmetry rules of these variant super- 
gravities can be explicitly written down. These actions are the complex action (2.2), where 
the fields now obey the reality properties (2.7,2.8), with the a-factors the ones mentioned 
in table 1. One notices that in this form some fields might be purely imaginary. In this 
case, it is more natural to redefine the fields in terms of real fields. This leads to a change 
in sign of e.g. the kinetic terms of these fields. In order to write the actions in a more 
conventional form involving Dirac conjugates, one can use the following formula equivalent 
to (2.7) if (2.12) is satisfied: 

X = a^axa*^X°P- (2-13) 
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Table 1: Possible reality conditions on the fields of type II supergravities. t is the number of time- 
like directions in spacc-timc. The notation concerning the type of fcrmionic reality condition is 
explained in appendix B. Every set of reality conditions (column ) corresponds to a different variant 
supergravity theory. The last row refers to the additional factor for the Chern-Simons terms. From 
this table the actions and supersymmetry transformations of all lOd variant supergravities can be 
constructed. 

This allows one to rewrite Majorana conjugates appearing in (2.2) in terms of Dirac con- 
jugates. As explained above in certain signatures one has to multiply the Chern-Simons 
term by an additional factor, this factor is given in the last row of table 1, this same factor 
also appears in the (anti) self-duality condition of IIB. The procedure described here will 
be illustrated in more detail for some specific examples in subsection 2.3. 

Finally let us give a short overview of the variant theories classified by table 1. Type 
IIA supergravity exists in three types of signatures. Note that only in signature t = 1 mod 
4 there are two different real theories^. For IIB the situation is similar. Although tabic 1 
seems to suggest that there are three different theories in (1,9), IIB* and IIB' arc related 
by a field redefinition that can be interpreted as an S-duality. Note that IIB theories 
only exist in those signatures where a consistent self-duality condition can be imposed. In 
our conventions the five form is self-dual in signatures with t = 1 mod 4 and anti self-dual 
when t = 3 mod 4, this is due to the subtleties concerning the appearance of eo...9 explained 
above. 

2.3 Examples 

In this subsection we will illustrate the previously discussed method of real slices for type 
II theories in signature (1,9). We will show how to write down the explicit form of the 
actions starting from table 1. To illustrate how to write down the Chern-Simons terms in 
case the real slice involves an additional factor multiplying £o...9 we discuss this term in 
signature (0,10) in detail . 

''The results of table 1 almost completely agree with those found in [4] for IIA, with the exception that 
only in signature (1,9) wo find two inequivalent theories. In [4] additional IIA theories for < = or 2 mod 
4 are presented, which we are not able to reproduce in our framework. 
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2.3.1 IIA 

Our first example is how one can recover the usual type IIA theory in signature (1,9). The 
reality conditions appropriate for this theory are summarized in the second column of table 
1, leading to: 

e* = -CAe , 
ipl = -CAip^ , 

A* = -CAX (2.14) 

D* D 

^(2n-l)* _ ^(2n-l) / n -i r,\ 

The real action for this theory is the complex action given above (2.2) but restricted to the 
subspacc given by these reality conditions. The Majorana conditions for the spinors (2.14) 
are equivalent to 

V5m = <> (2-15) 
A = A^, 

and using these we can write the action (2.2) in a standard real form involving Dirac 
conjugates. Plugging (2.14-2.15) into the action (2.2) gives 



SuA = -^ I d^\e{e-''1'[-R{u{e))-A{d^f + \H-H-2d^^^X^^)+H-x^ 



"10 

+ 2i>^r'"'pVui^p - 2A^r^v^A + 4A"r^^v^Vi.] + Yl ■ '^^^''^ 



+ ^ a,,C(3i3,, + ^ J } , (2.16) 



where 



xt^) = -2v;^r>^-2A"r%V'., 

x% = ^^^ri^r^^pT'^iriiV;^ + A^r^.p'^rn^^ - p^rnr^^pA , (2.17) 
= ie-^Cr["r^,..^,„r'3](rn)"V'/3 + ie-^A-r^,..^,„r''(rn)>/3 

-ie"'^AT[^^...^2„_^(rii)T^2„]^ . 
The action (2.16) is invariant under the following supersymmetries 

1,2 



n=0,l,: 



= -2e^r[^rnV',], 
'^e^^Sr^i.i = - r[^,...^,_, (Tn)'^ ((2n - 1)^^,„_,, - ^r^,„_,] a) 

+ (n - l)(2n - 1) qti.-a ' 
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n=0,l,2 "'^^ 

(5e<^=ie"A. (2.18) 

As the (1,9) IIA supergravity theory was the theory we started from before complexifying, 
taking the real slice was rather straightforward. Things will become more interesting in 
case some fields are purely imaginary. We illustrate this in the following example. 

2.3.2 IIA* 

The action of the IIA* theory in (1,9) can be constructed by using the third column of 
table 1, which leads to the following reality conditions: 

e* = -CATue, 

\*=CArn\, (2.19) 

^(2n-l)* _ _^(2n-l) _ n -i cy\ 

Hi" -1X211-1 ~ ^Ml---M2n-l ' V'' — ^1 ^-1^) ■ 

Note that now the reality condition for the Ramond-Ramond fields implies that they are 
purely imaginary. It is therefore natural to make a redefinition to real fields. We also 
prefer to have the same reality condition for all the fermionic fields. Thus we make the 
field redefinitions 

C = -iA, 

^(2n-l) ^ _ici-in-l) ^ ^2.20) 

In this case the relation between Majorana and Dirac conjugate of the spinors is 

Vi;, = -VS^Fn , (2.21) 

C = -rrn . 

Similarly to the IIA case one can obtain a manifestly real action, which now reads 
Sua* = - ^ / '^'"^ H'^'''^ [ " ~ + \H-H- 29'^0C?^ + H ■ ^(3^ + 

n=0,l,2 

I p2n A(2n) -l^Hi-Hw\ l a ^(3) o ^(3) d 

+ 1 P(0) Q 4(3) o3 , 1 p(0)2 r5 ] 1 /o OO) 
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where 

& = iCri°r^,,r^iV'/3 - iC^r^^/^p - K%.pC , (2.23) 
-3e'"'^C''r[^^...^2„-i(rii)"^^r^2„]C- 

The action (2.22) is invariant under the super symmetries 

5,S^, = -2e"r[^V'H> 

+ (n - l)(2n - 1) ^£:1_3 <5.S,,„_,,,„_,] , 

n=0,l,2 

<5,<^ = -|e^rnC. (2.24) 

Note that indeed in this real form the Ramond-Ramond fields have wrong sign kinetic 
terms. Furthermore, there are additional factors of i appearing in the supersymmetry 
transformations with respect to standard IIA. This is similar to the i's appearing in the 
pseudo-supersymmetry of [7, 8], we will elaborate on this in section 3.1. Another difference 
is the appearance of the chirality matrix Fn in various spinor bilinears. They appear for 
example in the variation of the dilaton, leading to a different transformation of this field 
under parity^. 

2.3.3 Chern-Simons terms 

As explained above there are some subtleties concerning the Chern-Simons terms in certain 
signatures. Here we will briefly illustrate how the Chern-Simons term of IIA in (0,10) 
signature can be obtained, the other cases proceed analogously. Of the fields appearing in 
the IIA Chern-Simons term, B becomes purely imaginary while the others are real, as can 
be read from the first column of table 1. We thus make the redefinition 

B^u = -iB^,^ . (2.25) 

Substituting this in the complex Chern-Simons term (2.3) and multiplying with the appro- 
priate factor i ( see table 1) gives the following real topological terms: 



^Under parity we understand the transformation a' —^ — a;' that reverses the sign of all 9 space-like 
directions. 
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Note that apart from the ehanges in the Chern-Simons term also the relation between the 
real potentials and field strengths gets modified, e.g. 

= dC(=^) +dB^ ^(1) - , (2.27) 

instead of the standard relation (A.5). 

Similar to this example one can find the Chern-Simons terms and field strengths in 
other signatures. 

2.3.4 IIB* 

As our final example we derive the action and supersymmetry equations of IIB*, the alter- 
nate real IIB theory in signature (1,9). The reality conditions are: 

e* = CAVe , 

X* = CAVX , (2.28) 

D* D 

Cjii-n2„-i = —C[i^-n2n-n (^^ = 1/2, 3/2, 5/2) . 
We redefine the imaginary fields in term of real fields as follows: 



^(2n-l) ^ _^(j(2n-l) ^ 

The reality conditions for the spinors are equivalent to the conditions 



(2.29) 



e = , (2.30) 



Substituting this into the complex IIB action (2.2) leads to 

SiiB* = - / d^^xe\e-^'t> \ _ R{uj{e)) - A{d4>f + \H-H+ 

/I \ 1 1 

n=l/2 y 4 2 

I ^rMi-Mio 4(4) a /t(2) an \ (2:^^) 

3-242 ^/ilM2MM4'^M5^/i6M7'^A'8-°^9m0 J • {■^■'^^J 
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This action needs to be supplemented with the usual self-duality for the RR-five form F^^^ . 
The bosonic fields couple to the fermions via the bilinears 

- ie"'^A^r[^i-/..„-i^^nr^,„iA) . (2.32) 
The supersymmetry rules are 

3/2 

Se^, ={d, + l^, + \V If,) e + |e<^ — ^(^'^)r^P„e 



, (2n)! 

n=l/2 ^ ^ 



5! 

,5,B^, = -2e^r[^V.], 

=^e-^6-^r[^^...^,„_,PP„ ((2n - - ir^,„_,]A) 

+ (n - l)(2n - 1) '^eS;..^..,.^.,] , 

n=l/2 

5^4)=\e^V\. (2.33) 

Note that in contrast to the standard IIB action the IIB* action is no longer invariant under 
the full S-duality group, but gets mapped to the IIB' theory. Another viewpoint is thus 
that IIB' is nothing else than a field redefinition of IIB*. As such we will not construct 
its action and supersymmetry transformations here. They can be obtained either from 
performing an S-duality or taking a real slice with the appropriate reality conditions in 
table 1. 



2.4 Extended vs unextended supersymmetry 

It might be remarkable that in certain signatures different real slices exist while in others 
only one real theory is consistent. This is related to the number of independent super- 
symmetries. Although we always discussed theories with 32 real supercharges, this does 
not necessarily mean that their supersymmetry is extended. Depending from signature to 
signature the dimension of a real irreducible spinor is 16 or 32. Only in the signatures in 
which it is 16, and thus the 32 supercharges imply extended supersymmetry, different real 
slices can occur. This can be understood as in this case different reality conditions can be 
imposed on the two independent 16-dimensional spinors. 

This suggests that in any signature only one real slice of the complex lOd = 1 
super gravities exists. These A^ = 1 super gravities can be seen as truncations of the type II 
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theories by a Z2 truncation. Thus one would expect both the standard theories and their 
star versions to truncate to the same theory. We wih now show that this is indeed the 
case in IIA. The truncation is made by only keeping the fields invariant under the fermion 
number symmetry [12]: 

{cgr;i_, } ^ -{cSr.lL, } , (2.34) 

{V'^,A, e} rii{V'^,-A,e} . 

One can see that both IIA and IIA* project to the same theory under identification by this 
symmetry as this identification is equivalent to demanding the reality conditions (2.14) and 
(2.19) to be identical. The other IIA truncation that is given in [12] is no longer consistent. 

The situation is similar in IIB. For IIB in (1,9) signature both truncations given in 
[12] lead to the same result, for IIB* only one truncation is consistent with the reality 
properties of the spinors while the other identification is the only consistent one for IIB'. 
In the end all possible truncations lead to the same N = 1 theory. 

3. Domain- walls and cosmologies 

In this section we will apply the previously discussed method of complex actions and real 
slices to construct and relate different real solutions. We discuss two examples. Our 
first example is in massive IIA, where we find a realisation of the domain- wall/ cosmology 
correspondence of [8, 7, 9] in a supersymmetric theory. After that we look at 9d gauged 
maximal supergravity. This as an example to show that our method works in different 
dimensions. Note that our examples are all in theories with extended supersymmetry, as 
this seems necessary to be able to take different real slices in the same signature with our 
method. 

In this section we work in the Einstein frame (E), related to the string frame (S) via 
3.1 lOd Massive II A/ A* 

We truncate the complex massive IIA theory (2.2) to the following action 

SmiiA =^ [ d'\e(R - Ud<f>f - ^e^f/^rrA , (3.1) 

where m = G''^^ is the Romans' mass parameter. The fermionic part of the truncated 
supersymmetry transformations is 

For our theory (3.1) the scalar potential and superpotential are respectively 

V = Y-^f - ^^W' = ^e^^/^m^ , W = e'f/'m . (3.3) 



(3.2) 
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The complex equations of motion axe given by 



1/1 1 ^ (^-^^ 

We propose the following complex ansatz for a supersymmetric solution. As we will show, 
it can be seen as the complexification of both a domain-wall and a cosmology: 

el = aoH'/'X , 

e], = a,H'/'^5l (i = 1 . . . 8) , 

el = a,H^I^X , (3.5) 
cf> = =^\ogH, 

here aa are some constant complex numbers and is a complex function depending only 
on the coordinate x^. The complex metric is given by g^i, = e^e^r]^^^^\ as in the previous 
section 2. For this ansatz the equations of motion (3.4) and the supersymmetry condition 
from (3.2) reduce to: 

d<jH = agm . (3-6) 



ds^ = H'/^-alidx^ + (a^fidx^f) + H^/^alidx" 



So we find the following complex solution to the complexified massive theory: 

g0 = ^ ^i^i^ H = 1 + agmx^ . (3.7) 

It is invariant under the following complex super symmetries: 

Tge = e , e = H^/^^eo , (3.8) 

where eg is a constant Dirac spinor. In section 2 we explained how the complex action 
(3.1) can give rise to several different real theories by taking different real slices. If we now 
apply these reality conditions on the bosonic fields to our complex solution we will find 
different real solutions. The different inequivalent reality properties consistent with section 
2 and (3.6) are given for some signatures in table 2, note that here we allow for imaginary 
vielbeine. For some comments on how this relates to section 2 we refer to appendix C. Let 
us illustrate how the complex ansatz reduces to a supersymmetric domain-wall in massive 
IIA (mllA) and a supersymmetric cosmology in mllA* by imposing the reality conditions. 

Domain-wall in mllA The standard reality conditions lead to mllA and can be found 
in the second column of table 2. As all the fields are real, the action coincides with (3.1). 
The complex solution becomes the well known domain-wall or D8-brane of mllA: 

ds^ = ijV8(|_(dxO)2 + (dx)2) + H^/^{dxy , 

= ^ ^ith H = l + mx^ . (3.9) 
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+ 
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+ 






A 


t 


To 







Table 2: Possible reality conditions on the fields of the truncated massive IIA supergravity (mllA), 
consistent with the equations of motion, t is the number of time-like directions in space-time. When 
dealing with solutions it is preferable to allow for imaginary vielbeine as explained in appendix C.2. 
A is the product of all T 's that are time-like in the real theory and it appears in e.g. the reality 
condition for the fermions. 



The complex supersymmetry variations (3.2) become 

<5V'/.=(v^-^VFr^)e, 



/ 6W\ 



(3.10) 



6(1) J 



where W is given by 



W = e^'f'/'^m , withm G M. (3.11) 



It is not difficult to verify that the domain-wall (3.9) has the following unbroken real 
supersymmetries 

r9€ = €, € = H^/^^€q, (3.12) 
where eo now is a constant Major ana spinor. 

Cosmology in mllA* Alternatively, we can apply the reality conditions of mllA* to the 
complex solution (3.7). As can be read from table 2 in this case m is purely imaginary, as 
are two components of the vielbein: e^^ and e^^. This implies that in this case ag = = i. 
We redefine m = irh, = ie^^, e^^ = ie^^, = iT^ and = iT^. Substituting all this 
in the complex solution (3.7) gives us a supersymmetric cosmological solution of mllA*: 

g0 = ij-5/4 ^ ^itj^ H = l- rhx^ , (3.13) 

where m = F^^\ Note that this is the E9-brane of [2]. Note that also the real action of 
mllA* is different than that of mllA. It is given in terms of real fields by 

SmiiA* =^ / d'^xe^R - ^{dcj>)' + ie^-^/^m^) , (3.14) 
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with the corresponding supersymmetry variations 

■5*^=(v„-^M'T„)e. 

*<=(-*+^)- 

The superpotential W is real and given by 

W = e^'f'/'^m , withm G M. (3.16) 

As was the case for the domain- wall it is easy to check that the cosmology (3.13) preserves 
the following supersymmetries 

irge = e, € = H^/^'^€Q. (3.17) 

Note that now e is not a standard Majorana spinor but satisfies a *MW reality condition 
instead. 

The domain-wall and cosmology presented above are a particular example of the 
domain- wall/cosmology correspondence of [8, 7, 9], where an embedding in extended super- 
gravity is possible. Indeed the truncated mllA theory is exactly of the gravity-scalar form 
as proposed there, as is its domain-wall solution. Furthermore the truncated mllA* theory 
is equal to the truncated mllA theory up to a relative sign in front of the scalar potential. 
This example places the domain- wall/cosmology correspondence in a supersymmetric con- 
text. This means that the Killing spinor of the solution generates a supersymmetry of the 
theory. Furthermore we see that what was called a pseudo-Killing spinor in [8, 7, 9] now 
is a generator of a genuine supersymmetry, but in a star theory. In this example pseudo- 
supersymmetry in an extended supersymmetric theory coincides with the supersymmetry 
of a superalgebra obeying star reality conditions. 

3.2 Maximal gauged supergravity in 9d 

In the previous example the only scalar field that played a role was the dilaton. In the 
recent paper [13] pseudo-supersymmetry was also studied in systems with explicit multiple 
scalar fields. In [14] it was shown that for the domain- wall/cosmology correspondence 
subtleties can appear when axions are included. In light of this we consider a more general 
example with multiple scalar fields including an axion. 

The theory we will be working with is given by the following truncated N = 2, d=9 
massive supergravity Lagrangian 

Ad = [i?-i(5<^)2 - le^^S/)^ - \id<pf - V{cf>,l,^)] , (3.18) 

with V given by 

V = y^f+^^/^{ql + 2e'%{-q2 + qil') + e'H<l2 + Qil'f) • (3.19) 
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(3.15) 



The details of the reduction from IIB are given in [15, 16]. The scalar fields are given by 
0, and I. The constants qi and q2 specify the gauging. We group the 9d, 16-component 
N = 2 spinors Xi in doublets 

Prom table 4 we see that e = rj = —1. In this section we will use C = 70. The (1,8) gamma- 
matrices 7^ are then purely imaginary. In this notation the supersymmetry transformations 
of the fermions are 



X 



(3.20) 



(3.21) 



5e\ = {i ^4)- e~^5iW)a^ e + e^{i + e-'f'6^W)ai e , 
S^X = i ^(fa^e + S^Wai e . 

The superpotential W is given by 

W = e^^l^{e-^q^ + e<^(g2 + qi^) ■ 

The above action and supersymmetry rules can be made complex via the method of section 
2. It turns out that there are two real slices for signature (1,8), sec table 3. We denote 
the star version of the truncated N=2, d=9 theory by 9d*. Inspired by the domain- walls 



(3.22) 





9d 


9d* 


£ = rj 






P 




0-3 


ai 


+ 




= a\ = Oij^ 


+ 


+ 


91 = 92 


+ 





Table 3: The two sets of reality conditions appearing in the truncated N=2, d=9 massive super- 
gravity Lagrangian leading to signature (1,8). 



of [16], we propose the following complex ansatz: 



e 



', = h'/'% (i = 1...7), 

el = ash-y'X^ (3-23) 
e'^ = h-^/^hi , e^'^ = h-\ 1 = ahr^ , 
h = hih2 — , 

where aa and are some arbitrary complex constants and hi and /12 are functions of 
only. This ansatz is a supersymmetric complex solution if 

dshi = 2a89i , 

dsh2 = 20892 • (3.24) 
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In this case it has a complex Killing spinor of the form 

e = /iV56(cos/l2 -zsin/ (T2)eo , (3.25) 

with 

and eo is a doublet of constant Dirac spinors that satisfies 

l^(J2eo = eo . (3.27) 

As in the previous subsection one can now take two different real slices leading to a 
pair of real solutions in signature (1,8). Taking all the fields in (3.23) real leads back to 
the familiar domain-walls of [16]: 

e't> = h-^/^hi, e^'^ = h-^, I = cihr\ (3.28) 
hi = 2qix^ + kf, h2 = 2q2X^ + and h = /ti/t2 - , 

where ki are integration constants. As noted above there is another set of consistent reality 
conditions. This second real slice of (3.23) will give a cosmological solution. From table 
3 one can see which fields become purely imaginary. To write everything in terms of real 
fields we redefine qi = iqi, c\ = ici and I = il = icih^^. Although we did not mention it in 
table 3, consistency with the equations of motion also requires and e^^ to be imaginary, 
i.e. og = ao = The ansatz (3.23) written in terms of these real fields gives the following 
cosmological solution: 

ds'' = h^i^\{dxy + dx^) - h-^/'{dx^f , 

e't> = h-^/'^hi, e'^'^ = h-\ I = cihr\ (3.29) 

where 

h = hih2 + cl, hi = 2qix^ + kf , ^2 = 2^23;^ + k'^ ■ (3.30) 

This is a real cosmological solution of the star version of the 9d theory, of which the action 
can easily be constructed along the lines of section 2. 

Again we find a natural relation between domain- wall solutions and cosmological solu- 
tions as different real slices of a single complex solution. In this case the relation between 
the two real theories is slightly more involved than just reversing the overall sign of the 
scalar potential. It is not difficult to see that the scalar potential in the 9d* theory is now 

V = -le-2^+^^/^(g1 - 2e"fqriq2 + qiP) + e'HQ2 - qiPf) ■ (3.31) 

So apart from an overall change in sign with respect to (3.19) there are also relative sign 
changes between the different terms in the potential. This goes together with a signature 
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change of the scalar manifold in the 9d* case as the axion I has wrong sign kinetic term. 
Note that if the theory is truncated by setting the axion to zero we again find an example 
where one can embed the correspondence of [8, 7, 9] in a supersymmetric theory. Also in 
this case the pseudo-supersymmetry of the cosmology can be interpreted as the vanishing 
of the fermionic supersymmetry transformations of a theory with twisted reality conditions. 

4. Discussion 

In this paper we complexified the type II super gravities and their supersymmetry rules. 
These complex actions do not describe physical theories but are a useful mathematical 
tool that allows to write down the actions for all variant supergravitics as real slices of the 
complex action. We illustrated the method in detail for the standard type II theories and 
their corresponding star versions in signature (1,9). Although we restricted our analysis 
to 10 dimensions one can generalize it to lower dimensions, for some related results see 
[17, 18, 19, 20, 21, 22, 23, 24, 25]. In this paper we gave an additional example for AT = 2 
in 9 dimensions. Note however that when one continues to lower the dimension, more 
possibilities could arise since one can then have extended supersymmetry with N > 2. 
This allows for more general reality conditions on the fermions than considered in this 
paper. The matrix p appearing in these reality conditions will in general be a A x A 
matrix. It might be interesting to find out if for A > 2 there can be more than two 
inequivalent real slices in certain signatures. 

In the second part of this paper, we have looked at solutions of these complex theo- 
ries and shown that one can obtain solutions of the different real theories by taking real 
slices. In particular, we have seen that in this way supersymmetric domain-walls and 
(pseudo-) supersymmetric cosmologies can arise as different slices of one complex solution. 
The domain-walls are solutions in an ordinary supergravity, while the cosmologies arise 
as solutions of the star version. In this sense the pseudo-supersymmetry of cosmologies 
corresponds to supersymmetry in the star theory. We presented a ten-dimensional exam- 
ple where the domain- wall/cosmology correspondence of [8, 7, 9] can be embedded into an 
extended supergravity context. In another example in 9 dimensions we again construct a 
domain-wall and corresponding cosmology. A noteworthy feature of this last example is 
that the potential no longer gets an overall signflip, but only certain terms in the potential 
change sign. Furthermore the scalar manifold changes signature. This might hint that also 
in a fake supergravity context more general changes in the potential could appear under 
the map of a domain-wall to a cosmology. 
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A. Conventions 

In this paper we work in 'mostly plus' convention, meaning that we will take rjab = 
diag (— . . . — h . . . +), where the first directions are time-like and the last space-like. We 
use Greek indices fi^v^p... to denote space-time coordinates and Latin indices a,b,c... 
represent tangent directions. They are related via the vielbein e^. The determinant of the 
vielbein is denoted by e. The covariant derivative with respect to general coordinate and 
local Lorentz transformations is denoted by V^u, acting on tensors ^ and spinors x as 

v^.x'^ = d^x" + r^p'x' + i<'r„6x" • (a.i) 

Here F^^*^ is the affine connection, Lo^f''' is the spin connection defined by 

= e^e^r;, - e\d^e^ , (A.2) 

and for the Riemann tensor we use the convention 'Rf^.vc = +di,Tj['a + Symmetrization 

and anti-symmetrization are with weight one, slashes are short notation for |f = H^^'^PV^^p 
and |fju = HniypVP and the form notations used are 

pip) . qip) = i_ pjf^,,,^ Qip)iJ-v-iJ^p ^ 

pip)n ^ pip) ^ ^ ^ ^pip) ^i^gg) ^ 

{W-p)lp\ 

pip) ^ (_)P+ip(p) ^ (A.3) 



where £oi23- -9 = (— )*£°123...9 _ ^ ^^^^ ^ jg ^j^g number of time-like directions. For notational 
convenience we group all potentials and field strengths in the formal sums 

2,5/2 2,5/2 

G= Yl ^= Yl C^^^'-^K (A.4) 

n=0,l/2 n=l,l/2 
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The bosonic field strengths axe given by 

H = dB, G = dC - cZSaC + , (A.5) 

where it is understood that each equation involves only one term from the formal sums (A. 4) 
(only the relevant combinations are extracted). Also we will use the following abbreviation: 

e^^ = ±B + ^B^B ± ^^Ba^B^B + ... (A.6) 

In writing down type II actions, we use the following definitions 

P = Til 12 = t32 ^ CT3 (IIA) or - I32 £73 (IIB) , (A.7) 

and 

Vn = (Fii ® I2)" (IIA) or I32 (7^ (n + 1/2 even), I32 (g) ia'^ (n + 1/2 odd) (IIB) . 
B. Spinors and their reality properties 

In this appendix, we will recall various properties of Clifford algebras and spinors. The 
purpose of this appendix is two-fold. On the one hand it serves to introduce our conven- 
tions and notations. On the other hand, the discussion on the reality conditions on spinors 
is also rather crucial for the results presented in this paper. In the first section of this 
appendix, we will recall some general properties of Clifford algebras in various dimensions 
and signatures. In the second section, we will then discuss how appropriate reality condi- 
tions can be imposed on the spinors. The latter discussion will be mainly restricted to 10 
and 11 dimensions. A good review concerning the matter presented here is offered in [26], 
whose conventions we will mainly follow. 

B.l Clifford algebras in various dimensions and signatures 

In this section we will consider arbitrary dimensions d = t + s, where t is the number of 
time-like and s the number of space-like directions. The Clifford algebra is then defined by 
the following anticommutation relation 

{r„,rb} = 2r?„b, (B.l) 

where rjab = diag( 1 h), writing first the time-like directions and then the space- 
like ones. 

We will always work with unitary representations of (B.l): 

rl = {-yATaA-\ (B.2) 

where wc define A to be the product of all time-like F-matrices : A = Ti- ■ ■Tt- In this 
way, time-like F-matrices are anti-hermitian, while the space-like ones are hermitian. 
In even dimensions, we will define the chirality matrix F* as follows 

F, = (-i)'^/2+*Fi-..Fd (F,)2 = l. (B.3) 
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When we restrict to 10 dimensions, we will also denote by Fn. Note that in odd 
dimensions the product of all F-matrices is always given by a power of i times the unit 
matrix. 

One can show that there always exists a unitary matrix such that 

C^ = -eCr, and = -rjC^TaC-\ (B.4) 

where e,r] can be ±1. In even dimensions, both signs for rj are possible, corresponding to 
the fact that both F^ and — FJ are representations that are equivalent to F^. The two 
possibilities for the charge conjugation matrix are then related by 

C+ = C_r* . (B.5) 

In odd dimensions, due to the constraint on the product of all F-matrices, only one of the 
representations F^ or — F^ is equivalent to Fa and hence only one sign for 77 is possible. 
Once the sign of rj is fixed, the sign of e can be determined. The possibilities for these 
signs are summarized in table 4. 



d mod 8 
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(-,-) 
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(+,-) 


(+,-) 


(-,+) 




(-,-) 




(+,+) 




(+,-) 




(-,+) 





Table 4: The possible signs for s and r] for all dimensions (modulo 8). 



Defining the following matrix 

= -erfCy^A , (B.6) 
equations (B.2) and (B.4) then imply that 

F: = (-)*+ir/i?„F„A7^ 

As for the C^^-matrix, in even dimensions both signs of r] arc possible, while in odd dimen- 
sions only one possibility for r] is allowed. Finally, note that the matrix B^ satisfies 

B^B*^ = -£?y*(-)*(*+i)/2i . (B.8) 
B.2 Reality conditions for spinors 

In order to describe the reality conditions that can be imposed on spinors, we will first focus 
on 11 dimensions, where spinors % are 32-component spinors. A general reality condition 
then has the form 

X* = RX- (B.9) 

Consistency with Lorentz transformations then implies that R = a-)^B^, where rep- 
resents a phase factor. The most general reality condition that can be imposed in 11 
dimensions is then: 

X* = -er?*a^C^Ax. (B.IO) 
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Note that this reahty condition can also be stated in terms of Majorana and Dirac conju- 
gates of the spinors. We will define the Majorana conjugate x a spinor x as 

X = X^C,, (B.ll) 

whereas the Dirac conjugate x^ is given by 



U. (B.12) 



The reality condition (B.IO) then relates these two conjugates as 

X = a-V. (B.13) 

Note that (B.IO) does not always define a good reality condition. Indeed, a consistent 
reality condition should obey x** = X) or in other words the matrix B^^B* should be 
equal to the identity. Prom (B.8) one can infer that this only holds for signatures where 
t = 1,2 mod 4. These are thus the only signatures where a real version of 11 dimensional 
supcrgravity can be formulated. 

In order to formulate reality conditions in 10 dimensions, we will work with a doublet 
notation, allowing us to treat type IIA and type IIB theories in a single framework. The 
64-component doublets are the following 



X = T- (type IIA) , X = r (type IIB) , (B.14) 




where F^x^ = =tx^- Gamma-matrices and the charge conjugation matrix then act on 
the doublets by making the following replacements 

Ta^Ta^a, (B.15) 
Cr,^Cr,<^a, (B.16) 

where a is given by cri in type IIA and by IL2 in type IIB. Note furthermore that can 
be represented by I32 (8) 173 in type IIA and by I32 (8) 12 in type IIB. In the following and 
throughout the paper we will always assume that matrices act on doublets as indicated in 
(B.15), without writing the tensor products explicitly. 

Using this doublet notation, a general reality condition can now be denoted as follows: 

X* = -sv'a^Cr,Apx, (B.17) 

where ay^ again represents a phase factor. The presence of —erfCj^A is again dictated by 
compatibility with Lorentz transformations. Note that the condition (B.17) now contains 
a 2 X 2-matrix p, that can mix the two components of the doublets (B.14); the action of p 
on a doublet should thus be interpreted as II32 (8) p- We will take the following possibilities 
for p : 

p£{t2,(TlA(J2,(T3}. (B.18) 

Note that in the type IIA case the matrix p is required to be diagonal, since complex 
conjugation should preserve the chirality of the spinor. In the type IIB case, we do not 
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have to impose this restriction as both parts of the doublet now have the same chirahty. 
Note that upon making a field redefinition, the reality conditions with p = ai and p = cr^ 
can be related ^. We can thus restrict to p G l,ic72,(T3 without loss of gencraUty. 
Again, the requirement that x** = X leads to a non-trivial requirement: 

J I 1 n -1 t(t + l) 

= -£r?*(-) 2 . (B.19) 

In the IIB case, there is moreover an extra consistency condition, due to the fact that the 
theory is chiral. Indeed the reality condition (B.17) has to respect the chirality, which in 
10 dimensions is only possible when t is odd. 

The different reality conditions that can be consistently imposed are then summarized 
in table 5. In this table we always choose e = rj = 1. This is possible as C_ = C+Fn, 



t mod 4 


12 3 


IIA 


MW 

*M M / 

*MW ' 


IIB 


MW 



Table 5: This table gives all the possible ten-dimensional reality conditions of the form (B.17) 
for a doublet of chiral spinors in type IIA and IIB respectively, t denotes the number of time-like 
dimensions. Here M, *M or SM respectively stand for p — II2, <Jz or ia2. The addition of W means 
that the reality condition respects chirality of the spinors. 

and thus (B.17) with the choice e = i] = —1 can always be rewritten in terms of C+ 
and ?7 = e = 1 by redefining p and since Fn can be represented as C73 or I2 in IIA 
respectively IIB. 

Finally a word on notation. Note that in denoting the types of reality conditions on 
the fermions in table 5, we reserve the * when p = (73 in (B.17). M, MW and SMW then 

correspond to what is known in the literature as Majorana, Majorana-Weyl and symplectic 
Majorana-Weyl (see for instance [26]). Although *M suggests a Majorana condition, this 
is not true. For instance, what we have called *M in Euclidean type IIA, corresponds to 
what in the literature is called symplectic Majorana. 

C. Reality of the vielbeine 

C.l Imaginary vielbeine and signature change 

In this appendix we will give some more details on the equivalence between choosing to work 
with on the one hand fixed flat gamma-matrices of signature (1,9) and possibly imaginary 
vielbein or on the other hand gamma-matrices of the appropriate signature and a real 
vielbein. 

^Explicitly, this redefinition is given by x'l = Xi + X2 and x'2 = Xi ~ X2- Note that this redefinition 
involves only real numbers. Furthermore as one can see in table 1 in the main text, this redefinition 
corresponds to going from IIB' to IIB*. 
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It is important to stress that the flat gamma-matrices appearing in the complex action 
(2.2) are elements of the Clifford algebra of signature (1,9) obeying the standard reality 
condition^ 

r«* = -CToFToC-^. (C.l) 

The curved gamma-matrices = Tae^^ no longer obey a reality condition as e^" (and 
the other fields) are complex. Because the vielbein, and thus the metric as well, is complex 
there is no longer a concept of space-time signature. Note that the complex metric is 
defined as gf^„ = e^''ej'rl;^ff\ where rl^f^ = diag(- . . . -h). 

When we impose reality conditions on the fields appearing in the action we recover a 
real theory in a signature that can differ from the (1,9) signature we started from. This 
can happen as some components of the vielbein can be purely imaginary such that g^^ is 
real but has a signature different from that of r/^^'^^ • 

As explained in the main text a choice of reality conditions for the fermions determines 
the reality properties of all the bosonic fields as well. For the vielbein this happens through 
the supersymmetry transformation 

,5,e/ = eF«V^ . (C.2) 

As explained in appendix B in the reality conditions for the spinors (B.17) the operator A 
appears. This A is the product of the time-like gamma-matrices. So by choosing A in the 

reality conditions for the complex fermions one decides in which space-time signature the 
real fermions will be consistent. As we will see below consistency of the above supersym- 
metry variation (C.2) implies that also the real metric given by these reality conditions 
has that signature. If one for example makes a real slice to a theory in signature (t, s), 
t -I- s = 10, fermions satisfy the following reality conditions 

e* = —erfaeCApe , 

= -erfa^CApij^ , (C.3) 

with 

A = (Fo)(iFi)...(iFt_i), (C.4) 

where F^ are elements of the (1,9) Clifford algebra, i.e. those appearing in the complex 
action and (C.2). Propose the following reality conditions for the vielbeine: 

(e/)* = a^^e/ . (C.5) 

Using this definition and (C.3), one can calculate that^ 

al = (-)U-iFoF«FoA(F«)-i , (C.6) 

by taking the complex conjugate of (C.2). In the case we take A of the form (C.4) and 
divide the index aasi = l...t — 1, j = t...9 this implies 

a° = l, a^ = -l, aj, = l. (C.7) 



''in this appendix we will make the choice e = r) — 1. 

®One has to use that a^a^ = (— )*^^, which follows from analysing the other supersymmetry variations. 
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So parts of the vielbein are imaginary and indeed this exactly implies the metric g^n now 
has the signature (t, s). 

Although everything works perfectly in this way it is rather odd to work with vielbeine 
that have imaginary components. This is why in the main text we prefer to work in 
a formulation where the vielbein is always completely real. This can be accomplished by 
simultaneously redefining the appropriate components = ie^ and r*=ir*. It is clear that 
this redefinition changes the signature of the flat metric rjab as the Clifford algebra now has 
signature (t, s). Furthermore everywhere else in the supersymmetry transformations and 
the action the vielbeine and F's appear in pairs of the form e'^aF" or e^^F^ and as such 
always in a combination where one of the redefined variables appears through its inverse. 
This means that wc can put tildes everywhere without changing the form of the expressions 
or having to add i's or minus signs. One should read the main text with this redefinition in 
mind although we did not explicitly write the tildes, i.e. in section 2 flat gamma-matrices 
appearing in real actions and supersymmetry transformations are always elements of the 
Clifford algebra that has the same signature as space-time and all vielbeine are real. 

C.2 Imaginary vielbeine w^ithout signature change 

The discussion above brings about another point. One can also take some of the components 
of the vielbein imaginary and still obtain signature (1,9) for the curved metric. This can 
be achieved by taking for instance the following matrix A: 

^ = zFg . (C.8) 

This still leads to a consistent reality condition for the fermions. As explained before A 
determines what is space and what is time in the real slice. The choice (C.8) corresponds 
to 

a° = -l, a'^ = l, al = -l, (i = 1 . . . 8) . (C.9) 

The naturally redefined ?7^^'^^ now has r?oo^^ = jy^j^'^^ = 1 and f^gg^^ = —1 while the original 

^a&'^^ from the complex theory had t/qo^'' ~ ~^ ^'^d = 1 = 'f/gg^'*- 

This choice for the vielbein does not lead to new real actions. Changing the role of 
different coordinates from time-like to space-like and vice versa, but keeping the signa- 
ture fixed, amounts to no more than a relabelling of the coordinates. The action and 
supersymmetry variations are not affected by this permutation of coordinates. 

This is not true however for solutions of its equations of motion. A generic solution is 
not invariant under exchange of a time-like and space-like coordinate. For a complexified 
version of such a solution, interchanging coordinates again is equivalent to a relabelling 
that does not lead to a different complex solution, as there is no notion of space or time 
anymore. So given a real solution, if we complexify it and then go back to a real form by 
imposing different reality conditions it can happen that two coordinates interchange their 
space- and time-like character. To keep track of this effect when taking real slices of a 
complex solution it is most practical to work with imaginary vielbeine. In this way one can 
see explicitly which coordinates will be time-like and which space-like in a different real 
form. One can see this explicitly at work in section 3.1. 
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D. Complex M-theory 



D.l The action 

For completeness we also illustrate our method for M-theory [27]. Since we work in the 
mostly plus convention, we use the action as given in [28] (ignoring four fermion terms) 

s = j (f^x e [ - i? - 2v;^r^'^''v^Vp + ^g(^) • g(^) 



with the following supersymmetry transformation rules 

Sei^, = id, + l^,)e- (r-^-^', - 8 T^-^'S^) e G^p,s , (D.2) 

and the definitions 

Gij,vpa = 4 C^p^] . (D.3) 

In the above action (D.l) and supersymmetry transformations (D.2) the spinors appear 
through the Majorana conjugate, therefore we can make the theory complex via the same 
method as discussed in section 2.1. To take real slices we first look at the general lid 
reality conditions 

e* = -er]^a^CA€, 
e/* = e/, (D.4) 

We choose the vielbein and dilaton real as explained in the main text. The reality conditions 
of the spinors determine the reality conditions of the bosonic fields by the supersymmetry 
equations 

a2 = (-ry)*+\ (D.5) 
«G = V^a'^e ■ 

The solutions to these equations arc summarized in table 6. Note that these classify all 
possible real theories coming from the complex action above. Given these consistent reality 
conditions we can take real slices as in the type II case. 
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t mod 4 


1 


2 


6 = 7] 


+ 


+ 


(y-e = Ot^ 


1 


i 


OtG 


+ 





Table 6: The coefficients given in this table determine uniquely all possible real theories in eleven 
dimensions, how to construct their actions and supersymmetry transformations from this table is 
explained in the main text. 



D.2 Examples 

D.2.1 M-theory in (1,10) 

For this signature table 6 learns us that 



e* = -CAe , 

r^ = -CA%, (D.6) 
'^ij.i...ij.4, ~ ^^J.l■■■^^4 ■ 



Note that the reality conditions on the spinors can be written as 

As all fields arc real in this signature, the action and supersymmetry transformation rules 
are those of (D.l) and (D.2) without the need of redefinitions. 

D.2. 2 M-theory in (2,9) 

The reality conditions of table 6 are in this case 



e* = -iCAe , 

= -iCA^^ , (D.8) 



r** — 



Since we prefer real bosonic fields, we introduce 



For the spinors we also find 
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The action of M-theory in (2,9) for these real fields is 

S = J e[-R + 2ii;;^T''''PW,^Pp - ^F^^) ■ F^^^ 



— / f/lly ^ ^ai-a4l3i...04P.iypp rp a (T) ^^^ 

1^2 J 1442 -t^ai...a4-^/3i---/34^M''P ' \'-'-^^J 



4Ki 

and it is invariant under the following supersymmetry rules 

Note that the Chern-Simons term in (D.ll) is multiplied by a factor of i coming from the 
redefinition of eo...io- For more details about this procedure see the discussion in the main 
text. 
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